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The uncertainty principle is the most important feature of quantum mechanics, which can be called the heart
of quantum mechanics. This principle sets a lower bound on the uncertainties of two incompatible measurement.
In quantum information theory, this principle is expressed in terms of entropic measures. Entropic uncertainty
bound can be altered by considering a particle as a quantum memory. In this work we investigate the entropic
uncertainty relation under the relativistic motion. In relativistic uncertainty game Alice and Bob agree on two
observables, Qˆ and Rˆ, Bob prepares a particle constructed from the free fermionic mode in the quantum state
and sends it to Alice, after sending, Bob begins to move with an acceleration a, then Alice does a measurement
on her particle A and announces her choice to Bob, whose task is then to minimize the uncertainty about
the measurement outcomes. we will have an inevitable increase in the uncertainty of the Alic’s measurement
outcome due to information loss which was stored initially in B. In this work we look at the Unruh effect as a
quantum noise and we will characterize it as a quantum channel.
PACS numbers:
I. INTRODUCTION
The distinction between quantum theory and classical the-
ory is formulated by Heisenberg’s uncertainty relation [1]. It
provides a certain limitation on our ability to predict the pre-
cise outcomes of two incompatible measurements on a quan-
tum system. In the original, for arbitrary pairs of noncommut-
ing observables Qˆ and Rˆ and quantum state |ψ〉, the uncer-
tainty relation is introduced in terms of the standard deviation
[2, 3]
∆Q∆R ≥ 1
2
|〈ψ| [Q,R] |ψ〉|, (1)
where ∆Q =
√
〈ψ|Q2|ψ〉 − 〈ψ|Q|ψ〉2 and ∆R =√
〈ψ|R2|ψ〉 − 〈ψ|R|ψ〉2 are the standard deviations and
[Q,R] = Q R − R Q. This uncertainty relation is state de-
pendent and trivial when the state is one of the eigenstates
of the observables [13]. It is more natural to quantify un-
certainty in terms of entropy rather than the standard devi-
ation. Bialynicki-Birula and Mycielski [5] derived entropic
uncertainty relation (EUR) for position and momentum and
Deutsch [6] later proved a relation that holds for any pair of
observables. Subsequently, Kraus [7] conjectured an improve-
ment of Deutsch’s result which was later proven by Maassen
and Uffink [8]. It states that, for two incompatible observable
Qˆ and Rˆ with two sets of eigenbases {|qi〉} and {|rj〉} we
have
H(Q) +H(R) ≥ log2
1
c
, (2)
where H(X) = −∑x px log2 px is the Shannon entropy of
the measured observable X ∈ {Q,R}, px is the probability
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of the outcome x, and c = max{i,j} |〈qi|rj〉|2 quantifies the
‘complementarity’ between the observables. In general, For
measured particle with density matrix ρ, Eq. 2 can be ex-
pressed as[9, 10]
H(Q) +H(R) ≥ log2
1
c
+ S(ρ) (3)
where S(ρ) = −tr(ρ log2 ρ) is the von Neumann entropy of
ρ. Another scenario that can be considered is the presence
of another particle as the quantum memory. This scenario is
described by Berta et al. [10], they consider a quantum mem-
ory B which has correlation with measured particle A. They
showed that the uncertainty of Bob, who has access to the
quantum memory, about the result of measurements Qˆ and Rˆ
on the Alice’s particle, A, Satisfies the following EUR
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B), (4)
where S(O|B) = S(ρOB) − S(ρB), O ∈ {Q,R} the condi-
tional von Neumann entropies of the post measurement states
ρOB =
∑
i
(|oi〉〈oi| ⊗ I)ρAB(|oi〉〈oi| ⊗ I), (5)
where {|oi〉}’s are the eigenstates of the observable Oˆ, and
I is the identity operator. This (EUR) has many applications
within entanglement detection [12–14] and quantum cryptog-
raphy [15, 16]. So far, many efforts have been made to im-
prove Berta’s (EUR) [17–26]. In Ref. [23] Adabi et al. ob-
tained another lower bound for EUR in the presence of quan-
tum memory. They consider a bipartite state ρAB sharing be-
tween Alice and Bob. Alice performs Qˆ or Rˆ measurement
and announce her choice to Bob. Bob’s uncertainty about both
2Qˆ and Rˆ measurement outcomes is [23]
S(Q|B) + S(R|B) = (6)
= H(Q)− I(Q;B) +H(R)− I(R;B)
≥ log2
1
c
+ S(A)− [I(Q;B) + I(R;B)]
= log2
1
c
+ S(A|B) +
+ {I(A;B)− [I(Q;B) + I(R;B)]},
where in the second line, we use Eq. 2 and in the last line we
apply S(A) = S(A|B) + I(A;B), thus the EUR is obtained
as
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B) + max{0, δ}, (7)
where
δ = I(A;B)− (I(Q;B) + I(R;B)), (8)
thus the uncertaintiesS(Q|B) and S(R|B) are lower bounded
by an additional term compared to Berta’s uncertainty rela-
tion. Note that, when Alice measures observable P , the i-
th outcome with probability pi = trAB(Π
A
i ρ
ABΠAi ) is ob-
tained and Bob state is left in the corresponding state ρBi =
trA(Π
A
i
ρABΠA
i
)
pi
, thus
I(P ;B) = S(ρb)−
∑
i
piS(ρ
B
i ) (9)
is the Holevo quantity and it is equal to the upper bound of the
Bob accessible information about the Alice measurement out-
comes. From here on, we call this (EUR) as Holevo (EUR).
Decoherence is an inevitable phenomenon related to open
quantum systems. It occurs due to the interaction of the sys-
tem with the environment. Decoherence leads to decay of
quantum correlations and quantum coherence which are im-
portant resources for quantum information processing. It is
known that a quantum system observed in an accelerated ref-
erence frame is similar to a quantum system which is influ-
enced by quantum noise [32].
Here we study the effects of the Unruh-effect [33] on the
(EUR) for a Dirac field mode. We consider the bipartite
scheme in which the quantum information is shared between
an inertial observer (Alice) and an accelerated observer (Bob)
in the case of Dirac field. In our uncertainty game, Alice and
Bob firstly agree on two observables, Qˆ and Rˆ then Bob pre-
pares a particle in a quantum state and sends it to Alice. After
sending, Bob begins to move with an acceleration a and fi-
nally Alice does a measurement on her particle in one of the
two agreed bases and tells her choice to Bob, whose task is
then to minimize the uncertainty about the measurement out-
comes. In this situation, the Von-Neumann entropy in (EUR)
is observer dependent[34]. One can show that the quantum in-
formation stored initially in B would be degraded in an accel-
erated reference frame, this leads to an increase of the entropic
uncertainty lower bound (EULB) of the Alice’s measurements
outcome. The remainder of this paper is organized as follows.
In Sec. II we introduce the notion of the Unruh effect for
a two-mode fermionic system. In Sec. III we specified the
Unruh effect as a quantum noise channel. We give some ex-
amples in Sec. IV. The manuscript closes with conclusion in
Sec. V.
II. UNRUH EFFECT
The Unruh effect states that the Minkowski vacuum as seen
by an observer accelerating with constant acceleration a will
arise as a warm gas emitting black-body radiation at the Unruh
temperature [27, 28]
τ =
~a
2πKBc
, (10)
where c is the speed of light in vacuum, and KB is Boltz-
mann’s constant. The Unruh effect leads to a decoherence-
like effect, thus one can consider the Unruh effect as quan-
tum noise. It is therefore considered as a quantum channel
called "Unruh Channel". It affects on the quantum informa-
tion shared between two observer Alice and Bob, in the case
of bosonic or Dirac field mode[29, 30].
Things that have been done so far in the field of Unruh ef-
fect is concentrated on either the bosonic [31] or fermionic
[29] channels, depending on whether one is working with a
scalar or a Dirac field, respectively. Due to the finite occupa-
tion of the fermionic states, one can obtain finite-dimensional
density matrices that lead to closed-form expressions for
quantum information quantity that are more easily interpreted
than their infinite-dimensional bosonic scalar field. This mo-
tivates us to consider the effect of other aspects of quantum
information on the fermionic Unruh channel. The Unruh ef-
fect is defined by investigating the Minkowski space time in
terms of Rindler coordinates[32, 33, 35]. The Rindler trans-
formation divides spacetime into two disconnected regions,
such that, a uniformily accelerated observer in one region is
separated from the other region[29]. Since the field modes re-
stricted in different region are not connected, the quantum in-
formation of accelerated observer degrades and leads to ther-
mal bath. In this work we consider the fermionic field with
few degree, as is in Ref. [36].
Consider two observers, Alice (A) and Bob (B) sharing
a maximally entangled state of two Dirac field modes at
Minkowski spacetime. Thus the quantum field is in a state
1√
2
(|0s〉M|0k〉M + |1s〉M|1k〉M), (11)
the states |0j〉M and |1j〉M are the vacuum and single parti-
cle excitation states of the mode j in Minkowski space. We
assume Alice’s state constructed by the field mode s and she
has a detector which only detects mode s, while Bob’s states
can be created from k field modes and has a detector sensi-
tive only to mode k. If Bob uniformly undergoes acceleration
a, the states corresponding to field mode k must be defined in
Rindler bases in order to describe what Bob sees. By applying
3the presented formalism the Minkowski vacuum state trans-
forms to the Unruh mode(a two-mode squeezed state), how-
ever the excited state is a product state, these state in terms of
modes in different Rindler region I and II can be expressed
as[29],
|0s〉M = cos r|0k〉I |0k〉II + cos r|1k〉I |1k〉II (12)
|1s〉M = |1k〉I |0k〉II ,
where cos r = 1√
1+e
−2piωc
a
, ω is Dirac particle frequencywith
acceleration a and c is the speed of light in vacuum. Note
that a ∈ [0,∞] and thus, cos r ∈
[
1√
2
, 1
]
. By using this
formalism, the state in Eq. 11 transform to
|ψ〉 = 1√
2
(|0s〉M(cos r|0k〉I |0k〉II + (13)
+ cos r|1k〉I |1k〉II) + |1s〉M|1k〉I |0k〉II),
Due to the fact that the region I and II are disconnected
regions, in Rindler’s spacetime, the region II can be traced
out to obtain the following density matrix
ρAI =
1
2
[cos2 r|0Ms , 0Ik〉〈0Ms , 0Ik|+ (14)
+ cos r(|0Ms , 0Ik〉〈1Ms , 1Ik|+ |1Ms , 1Ik〉〈0Ms , 0Ik|) +
+ sin2 r|0Ms , 1Ik〉〈0Ms , 1Ik|+ |1Ms , 1Ik〉〈1Ms , 1Ik|].
Here, the transformation of Bob’s state into a mixed state is
called a the Unruh channel for a fermionic qubit. We discuss
about this context in the following.
III. GEOMETRIC CHARACTERIZATION OF THE
UNRUH CHANNEL
In this section the unruh channel is characterized from
the dynamical maps view point. Here we use the Choi-
Jamiolkowski isomorphism for unruh channel. Choi matrix
is obtained by applying the Unruh channel on one half of a
maximally entangled two-qubit state[37, 38]
ρU =


cos2 r 0 0 cos r
0 sin2 r 0 0
0 0 0 0
cos r 0 0 1

 , (15)
ρU is the Choi matrix corresponding to Unruh channel εU .
Finally, one can obtain the Kraus operators by diagonaliz-
ing the Choi matrix and the Unruh channel is characterized
completely[39]
K1 =
[
cos r 0
0 1
]
, K2 =
[
0 0
sin r 0
]
, (16)
so that
εU (ρ) =
∑
j=1,2
KjρK
†
j (17)
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Figure 1: (Color online )Entropic uncertainty lower bounds in terms
of the Bob’s acceleration when the initial state ρAB = p|ψ
−〉〈ψ−|+
1−p
2
(|ψ+〉〈ψ+| + |φ+〉〈φ+|) is shared between Alice and Bob. We
consider the two complementary observable {σx, σy}, p =
1
2
and
ω = 0.1
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Figure 2: (Color online )Entropic uncertainty lower bounds in terms
of the Bob’s acceleration when the initial state ρAB = p|ψ+〉〈ψ+|+
(1− p)|11〉〈11|| is shared between Alice and Bob. We consider the
two complementary observable {σx, σy}, p = 1 and ω = 0.1.
with the completeness condition
∑
j=1,2
K
†
jKj = I (18)
As is clear from this Kraus representation the Unruh channel
is similar to the amplitude damping channel ,which shows the
effect of a zero temperature thermal bath [40, 41]. However
Unruh effect corresponds to a finite temperature and it is ex-
pected to correspond to the generalized amplitude damping
channels, which is a finite temperature channels.
IV. EXAMPLES
In order to investigate the effect of the Unruh channel on
(EUR) we consider some examples:
4Bell diagonal state To investigate the influence of Un-
ruh effect on (EUR) we consider the bipartite system of Alice
and Bob, initially being at inertial frame and sharing a Bell-
diagonal state of two Dirac field modes
ρAB =
1
4
(I ⊗ I +
3∑
i=1
riσi ⊗ σi) (19)
where σi (i = 1, 2, 3) are Pauli matrices. This density matrix
is positive if ~r = (r1, r2, r3) belongs to a tetrahedron defined
by the set of vertices (−1,−1,−1),(−1, 1, 1),(1,−1, 1) and
(1, 1,−1). Here we consider the special case in which r1 =
1− 2p, r2 = r3 = −p, thus the state in Eq. 19 becomes
ρAB = p|ψ−〉〈ψ−|+ 1− p
2
(|ψ+〉〈ψ+|+ |φ+〉〈φ+|), (20)
where |φ±〉 = 1√
2
[|00〉 ± |11〉] and |ψ±〉 = 1√
2
[|01〉 ± |10〉]
are the Bell diagonal states. Bob begins to move with an ac-
celeration a. It is associated with the effect of Unruh channel
on Bob’s particle, thus the evaluated state can be written as
ρAI =
2∑
i=1
(I ⊗Ki)ρAB(I ⊗K†i ). (21)
Finally Alice does a measurement on her particle and she tells
her measurement choice to Bob. Since Alice is in inertial
frame, the measurement outcomes should be independent of
the motion of quantum memory B. The new post measure-
ment state becomes
ρOI =
∑
i
(|oi〉〈oi| ⊗ Ia)ρABa(|oi〉〈oi| ⊗ Ia), (22)
where {|oi〉}’s are the eigenstates of the measured observ-
able Oˆ. Here, the conditional von Neumann entropy would
be changed, since Eq. 22 gives new post measurement states.
In Fig.1 the (EULB) has plotted in terms of the acceleration
of Bob for p = 12 . Here we consider the two complemen-
tary observable σx and σy . From Fig. 1, it is obvious that the
(EULB) increases with growing the acceleration of Bob. It is
due to that the Unruh effect reduces the quantum information
between Alice and Bob, thus the information of Bob about
the Alice’s measurement reduces. As can be seen from Fig. 1
Holevo (EULB) is tighter than Berta’s lower bound.
Two-qubit X states As an another example, we consider
a special class in which Alice and Bob, initially being at iner-
tial frame and sharing a two qubit X states of two Dirac field
modes
ρAB = p|ψ+〉〈ψ+|+ (1 − p)|11〉〈11||, (23)
where |ψ+〉 = 12 (|01〉 + |11〉) is a maximally entangled state
and 0 ≤ p ≤ 1. Here we consider the case in which p = 1,
i.e. Alice and bob initially share a maximally entangled state.
In ordinary uncertainty game (when Bob in inertial frame a =
0), If the particle, A, and quantum memory,B, are maximally
entangled Bob can guess both measurement Qˆ and Rˆ perfectly
and (EULB) is equal to zero i.e.
S(Q|B) + S(R|B) ≥ 0. (24)
In Fig. 2 (EULB) is plotted for two-qubit X states with
p = 1. As can be seen from Fig. 2, when Alice and Bob
being in inertial frame (i.e. a = 0), as expected the Berta and
Holevo lower bound are the same and equal to zero. However
by increasing the acceleration (EULB) increases. From Fig.
2 one can conclude that Holevo lower bound is tighter than
Berta’s lower bound for nonzero acceleration.
V. CONCLUSION
In ordinary uncertainty game for quantum-memory assisted
(EUR), Bob sends Alice a quantum state. A initially corre-
lated with another quantum memory B, Alice does a mea-
surement on her particle A and says her measurement choice
to Bob, whose task is then to minimize the uncertainty about
the measurement outcomes.
Here, we investigate the quantum-memory assisted (EUR)
in relativistic framework. In this work uncertainty game is as
follow : First Alice and Bob agree on two observables, Qˆ and
Rˆ, Bob prepares a particle constructed from the free fermionic
mode in the quantum state and sends it to Alice. After send-
ing, Bob begins to move with an acceleration a, then Alice
does a measurement and announces her choice to Bob, whose
task is then to minimize the uncertainty about the measure-
ment outcomes. In other words, here we study the effect of
the Unruh channel on ordinary uncertainty game. We show
that due to Unruh effect the quantum information stored ini-
tially in B would be degraded. This leads to an inevitable
increasing of the uncertainty on the outcome of Alice’s mea-
surements. We also showed that the Holevo (EUR) is tighter
Berta (EUR) in non-inertial frame, as it is in inertial frame
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